We consider certain orbifoldization of the N = 4 field theories that leads to N = 2, 1, 0 field theories in 4 dimensions. These theories were recently analyzed using the string theory perturbation technique. It was found that in the large N limit all correlation functions of the orbifold theories coincide with those of N = 4, modulo the rescaling of the gauge coupling constant. In this paper we repeat the same analysis using the field theoretical language.
Recently, it was a considerable interest in constructing conformal field theories with small number of supersymmetries N = 2, 1, 0 [1] [2] . The construction was inspired by an orbifold procedure very well familiar from the string theory. We are going to call these theories "orbifold" field theories, keeping in mind that orbifoldization is really well understood in the context of string theory. As it turned out later the orbifold field theories were conformal only in the large N limit. Moreover, all correlation functions of the orbifold theories coincide with those of N = 4, modulo the rescaling of the gauge coupling constant.
For the first glance this statement sounds completely shocking. Namely, all the complicated (and certainly unknown) momenta dependence of N = 2, 1, 0 correlation functions should be exactly the same as in N = 4 theory. This was shown using the string theory methods [3] . In fact the string theory methods appear to be very useful in summing the Feynman diagrams in various field theories [4] (for a recent discussion, see, e.g., [5] ). Still the field theory proof of this statement seems to be desirable. Moreover, the string theory proof is literally valid only for the scattering of on-shell particles. As we will see in case of the field theory one can also prove the off-shell statement.
We start our discussion by reviewing orbifoldization procedure. The orbifold group Γ is a discrete subgroup of the N = 4 R-symmetry group SU (4). Depending on whether Γ lies entirely in SU (2), SU (3) or in SU (4) one gets N = 2, 1, 0 supersymmetric field theories. One also has to specify a representation of Γ in SU (|Γ|N ) group
where γ g acts by conjugation. The choice of γ-matrices determines the embedding the Γ in the gauge symmetry group. The consistency of string theory implies that the representation of Γ has to be regular -Tr(γ g ) = 0 for all g = I. The importance of regular representations is not so clear from the point of view of field theory. If one relaxes the condition of regularity then in certain cases the orbifold theory appears to be anomalous, but not necessarily.
Below we will see how the analysis of field theory perturbation technique simplifies for regular representations.
The truncation (=orbifoldization) procedure has a bigger realm of applications. One can start with any gauge theory, not necessarily supersymmetric (or conformal) and truncate it according to the action of some discrete group Γ. Now Γ is an arbitrary discrete group embedded into the gauge group (via (1)) and non-anomalous flavour group. If the representation of Γ is regular, then in the large N limit all the scattering amplitudes (of invariant fields) are identical in both theories modulo some rescaling of the diagram. The proof presented in this paper is literally applicable to the case when the matter in the original theory is in the adjoint representation and can be easily modified in case of other representations.
The spectrum of the orbifold theory is determined by the truncation procedure. The states that survive in the orbifold theory are are those, invariant under the action of Γ. By contrast with the string theory, there are no new states (orbifold sectors). All states come from the original "parent" theory. The projector P to the invariant states can be defined as follows
where r g denotes a certain representation of an element g ∈ Γ in the R-symmetry group.
Indeed, it is easy to check that
Here we used the fact that multiplication by an element g of the group Γ acts to the group as permutation. Therefore the summing over a can be turned into the summing over c = bg. This property ensures that P is indeed projector, namely P 2 = P .
The choice of representation of Γ, and hence the explicit form of the projector P depends on spins of the fields. In particular the vector particles in the orbifold theory are singlets and they satisfy the condition
The matter spectrum can also be determined from a similar considerations. The adjoint N = 4 scalars transforms in representation 6 with respect to R-symmetry and therefore the projection for the matter appears to be different
There is also a simple modification of this projection for Weil fermions. The spectrum of the orbifold theory can be encoded in the quiver diagram. This diagram consists of nodes (one per irreducible representation of Γ) and some number of fermionic and bosonic arrows connecting them. With each arrow one associate a matter in bifundamental representation (see [2] for details).
Now let start the analysis of the Feynman diagrams. The external lines are restricted to the orbifold theory. In the large N limit the propagator of the adjoint fields can be written as
It is natural to draw this propagator using a double line (or a strip) (for details see 't Hooft [6] ). Here X ij stands for any kind of field in the theory -vectors, scalars of fermions.
In order to construct the N = 2, 1, 0 diagram out of N = 4 diagram one has to insert a projector (2) The number of internal boundaries coincide with the number of loops in the diagram. In order to get a diagram in the orbifold theory one would insert R projectors -one per propagator. As the result the diagram can be written as a sum
Functions F g 1 ...g r (p 1 , ...p K ) depends on the choice of the group elements g i as well as on the momenta and quantum numbers of external particles. Moreover it factorizes on the products of certain kinematic factors (traces) and g-independent amplitude F (p 1 , ...p K ).
The last observation is very crucial. The difference between the original N = 4 and orbifold theories in encoded in these kinematic factors. Every boundary of the two-dimensional diagram contributes a kinematic factor -trace
for every boundary without external particles and
for the boundary with external particles.
Probably before going further it is instructive to consider two examples -planar and non-planar diagrams. Later we formalize our arguments for the general case. Consider In order to avoid certain confusions we labeled all propagators as well as we put some arrows on them. For diagram shown on Fig.1 we get the product of four traces
Now let us impose the conditions that the representation is regular. That means that diagram on Fig. 1 is different from zero only in the case when
Let us take into account these relations and reexpress γ 6 , γ 8 and γ 2 in terms of the remaining matrices. After trivial manipulation we end up with
In passing to the last identity we also used the fact that all external lines lie in the orbifold theory and therefore satisfy the relation γλγ + = λ. Let us go back to the sum (7).
Instead of summing over 8 different g i , we have to sum only over 5 g i 's and moreover the amplitude does not depend on the choice of these group elements. Therefore we get that this amplitude is identical to N = 4 amplitude, modulo a rescaling given by a factor 1/|Γ| 3 .
Let us see what happens for non-planar diagram shown on Fig.2 . Even, assuming that the orbifold group is abelian this trace can not be rewritten as Tr(λ 1 λ 2 ). Therefore, we end up that non-planar amplitudes in the orbifold theory are going to be different from N = 4 theory.
Now it clear what is going on. The product of matrices along the boundaries without external lines can be identified with the monodromy M = γ g i along the loop. The collection of these monodromy matrices determines a flat connection on Riemann surface (in our case disk with some number of boundaries) that represents fattened Feynman diagram. In case of a planar diagram the ordered product of the monodromy matrices is equal to one -k M k = I. In case, when the group Γ is non abelian one has to be careful in ordering the monodromy matrices. Luckily, for regular representations all the monodromies along the boundaries without external legs are equal to identity and therefore the monodromy along the boundary with external legs is also trivial (this identical to what happen in [3] ). Thus we obtain
Now one can immediately see what happens. Instead of having a summation in (7) over R independent group elements we will have to sum over R − L independent group elements because there is one relation per loop (or per internal boundary). only important property that we will be relevant for our discussion.
Consider a primitive loop in the N=4 theory with insertions of m vertices
where trace runs over the indices circulating in the loop. A vertex U IJA 1 ...A n is a junction of several lines (propagators). The indices also encodes the representations of group Γ. We also single out two indices I and J corresponding to the particle propagating in the loop.
All other indices correspond to the lines connecting the primitive loop with the rest of the diagram. We will call these lines external (for the primitive loop). In order to translate this diagram into the diagram in truncated theory one has to make a projection of each external line to the invariant subspace of the fields
where each projector P (j) acts on j-th external index A j . It follows from (3) that
There are many ways how one can think about vertices λ. For fixed external indices we will think about λ IJ... as a map from a representation V I to V J . This way of thinking is completely equivalent to the standard point of view when one identifies λ IJ... with an element in (V I ⊗ V * J ) (for fixed external indices). As it was mentioned above the vertex U (or λ) is invariant under any transformation g ∈ Γ simultaneously applied to all (2 + n) legs. Taking (17) into account we get to the conclusion that r (I) g ⊗ (γ + ⊗ γ) (I) and λ are interchangeable, namely
.
Let us come back to our computation of the contribution of the primitive loop. It is clear that the N = 4 (non-truncated) theory a loop fragment of a Feynman diagram with projected external lines has a factor of Tr(λ m · · · λ 1 ).
In the truncated theory one has to insert the projector P into all propagators. In this case a loop fragment of a planar Feynman diagram looks like (see Fig. 3 )
Here we omitted the external indices of the vertices λ's. To simplify this expression we use Here we omitted the group elements ⊗γ g i that are already collected in a separate factor Tr (γ g 1 · · · γ g m ) in (19). The product γ g 1 · · · γ g m has a nonzero trace only if it is identically equal to I. This is the condition that the representation is regular. It also implies that 
Taking into account that there is one relation among g i and the rest of the expression is g i independent we get that sum in (20) gives rise to a multiplicative factor |Γ| m−1 . Therefore, integrating out a primitive loop produce a factor 1 |Γ| Tr (λ 1 · · · λ m ) Tr (I)
This is almost the N = 4 answer for integration out of a primitive loop, except for the factor 1/|Γ|.
Clearly, the above analysis is also applicable to all kinds of diagrams with with different particles propagating in the loops. As the result we obtain that the scattering amplitudes in the truncated theory coincides with those of N = 4 modulo the gauge coupling rescaling.
